1 This paper finds a classification, up-to an isomorphism, of abelian torsion groups realizable as Brauer groups of major types of Henselian valued primarily quasilocal fields with totally indivisible value groups. When E is a quasilocal field with such a valuation, it shows that the Brauer group of E is divisible and embeddable in the quotient group of the additive group of rational numbers by the subgroup of integers.
Introduction and statement of the main result
A field K is said to be primarily quasilocal (abbr, PQL), if every cyclic extension F of K is embeddable as a subalgebra in each central division K-algebra D of Schur index ind(D) divisible by the degree [F : K]; we say that K is quasilocal, if its finite extensions are PQL-fields. This paper is devoted to the study of the Brauer group Br(K) when K is PQL and possesses a Henselian valuation v. It determines the structure of the p-component Br(K) p of Br(K), for a given prime number p, under the hypothesis that the value group v(K) of (K, v) is p-indivisible, i.e. v(K) = pv(K). This enables us to describe the isomorphism classes of Brauer groups of Henselian PQL-fields with totally indivisible value groups (i.e. p-indivisible, for each prime p), and to do the same in the special case where the considered valued fields are quasilocal. The method of proving our main results makes it possible to establish the existence of new types of Henselian real-valued quasilocal fields, which make interest in the context of the 14.6, and [8] , I, Theorem 8.1). Secondly, the description of Br(L), for a given stable field L, usually reflects adequately an essential part of the specific nature of L. Note in this connection that important classes of stable fields L have been singled out by analyzing special properties of L. In particular, this applies to the absolute stability of global fields (cf. [36] , (32.19) , function fields of algebraic curves defined over a PAC-field [15] , function fields of algebraic surfaces over an algebraically closed field of zero characteristic [23] (see also [26] ), and quasilocal fields [8] , I, Proposition 2.3. In these cases, cd(G L( √ −1) ) ≤ 2 (cf. [40] , Ch. II, 3.3 and 4.1, and [5] , I, Sect. 4), which ensures that Br(L) is a divisible group unless L is formally real (see [40] , Ch. II, 2.3, and [12] , page 110). The study of the stability property in the class of Henselian fields (K, v) sheds new light on the considered problem. As it turns out, the residue field K of (K, v) is PQL whenever K is stable and the value group v(K) is totally indivisible [8] , I, Proposition 2.1. Moreover, these conditions frequently ensure that K is almost perfect, i.e. its finite extensions have primitive elements (cf. [4] , Theorem 2.1, and [8] , I, (1.8) and Proposition 2.3). The relations between v(K) and K make it possible to characterize basic classes of Henselian stable fields (see Proposition 2.2 and [4] , Theorem 3.1 and Sect. 4). They also show explicitly how Brauer and character groups of PQL-fields determine the structure of Brauer groups of stable fields (see Remark 2.4 
and [8], II).
Brauer groups of PQL-fields also have strong influence on the study of the norm groups of their finite abelian extensions. Specifically, this applies to the relations described by the second part of the following assertion (cf. [9] , Theorem 3.1, and [8] , I, Lemma 4.2 (ii)):
(1.2) Let E be a p-quasilocal field, Ω p (E) the set of finite abelian extensions of E in E(p), Nr(E) the set of norm groups of E, and p Br(E) = {b ∈ Br(E) : pb = 0}. Then: (i) The natural mapping of Ω p (E) into Nr(E) (by the rule M → N (M/E), M ∈ Ω p (E)) is injective, and for each M 1 , M 2 ∈ Ω p (E), the norm group (over E) of the compositum M 1 M 2 equals the intersection N (M 1 /E) ∩ N (M 2 /E), and N (M 1 ∩ M 2 /E) = N (M 1 /E)N (M 2 /E).
(ii) For each M ∈ Ω p (E), the quotient group E * /N (M/E) decomposes into a direct sum G(M/E) d (p) of isomorphic copies of the Galois group G(M/E), indexed by a set of cardinality d (p) , the dimension of p Br(E) as a vector space over F p . In particular, if Br(E) p = {0}, then N (M/E) = E * .
When E is a PQL-field and L/E is a finite abelian extension, it follows from (1.2) (ii) and [9] , Lemma 2.1, that E * /N (L/E) is isomorphic to the direct product of the groups E * /N (L p /E) :
, where L p = L ∩ E(p), for each admissible p. This is an analogue to the local reciprocity law whose form is determined by the sequence d(p) : p ∈ P (E), defined in (1.2) (ii). It is therefore worth noting that an abelian torsion group is isomorphic to Br(Φ), for some PQL-field Φ = Φ(T ) if and only if one of the following conditions holds (see [10] , Sect. 1 and Proposition 6.4):
(1.3) (i) T is divisible; then Φ is nonreal and can be chosen among those quasilocal fields, for which the maps ρ Φ/Φ ′ , Φ ′ ∈ I(Φ sep /Φ), are surjective; (ii) The 2-component T 2 is of order 2 and the p-components T p , p ∈ (P\{2}), are divisible; in this case, Φ is formally real.
Since the notion of a quasilocal field extends the one of a local field and defines a class containing such frequently used representatives as p-adically closed fields and Henselian discrete valued fields with quasifinite residue fields (cf. [41] , Ch. XIII, Sect. 3, and [34] , Theorem 3.1 and Lemma 2.9), these facts attract interest in the role of Henselian valuations for arbitrary quasilocal fields. The main results of this paper, stated below, enable one to evaluate this role by comparing (1.3) with the structure of Br(K) when (K, v) is a Henselian quasilocal field, such that v(K) is totally indivisible (see also Corollaries 5.3 and 5.4): Theorem 1.1. Let (K, v) be a Henselian p-quasilocal field with v(K) = pv(K), for some p ∈ P. Then:
(i) Br(K) p is trivial or isomorphic to Z(p ∞ ) except, possibly, in the case where r(p) K = 1, char(K) = p and K does not contain a primitive p-th root of unity;
(ii) K is subject to the following alternative relative to v: (α) There exists a Z p -extension I ∞ of K in K(p), such v ∞ (I ∞ ) = v(K) and the residue field of (I ∞ , v ∞ ) is separable over K, where v ∞ is the unique, up-to an equivalence, valuation of I ∞ extending v;
(β) Finite extensions of K in K(p) are totally ramified; (iii) When p ∈ P (K), Br(K) p = {0} if and only if finite extensions of K in K(p) are totally ramified and the group v(K)/pv(K) is of order p.
is established in Section 4 by proving the following assertion:
(1.4) If p = char( K) and K contains a primitive p-th root of unity, then G(K(p)/K) is a Demushkin group (in the sense of [40] ) with r(p) K = 2 or is isomorphic to Z p depending on whether or not Br(K) p = {0}.
The proof of Theorem 1.1 (i) in the case where char( K) = p and there exists an immediate cyclic extension I/K of degree p is presented in Section 3 (the realizability of this special case is demonstrated by Proposition 6.2). This part of the proof is based on the divisibility of Br(K) p (see Lemma 3.3 (i) ) as well as on (1.2) (i) and general properties of Henselian valuations and isolated subgroups of their value groups. The rest of the proof of Theorem 1.1 is contained in Section 4. When p = char( K), we adapt to our setting the proof of [43] , Theorem 3.1. Our argument also relies on (1.2) and on the method of proving the main results of [5] , I. The remaining part of the paper presents consequences of the main result. In Section 5, we describe the isomorphism classes of Brauer groups of Henselian PQL-fields (K, v) such that v(K) is totally indivisible (see Corollary 5.5, (5.2) and (5.3)). When K is quasilocal, we also prove the cyclicity of every D ∈ d(K) (see Corollary 5.3) . In Section 6, we complete the characterization of the quasilocal property in the class of Henselian fields with totally indivisible value groups, started in [5] , I; also, we give a criterion for divisibility of Brauer groups of quasilocal fields, and for defectlessness of their finite separable extensions.
Preliminaries on Henselian valuations and completions
Let K be a field with a nontrivial (
and K the value group and the residue field of (K, v), respectively, Is
It is well-known that, for each H ∈ Is v (K), the ordering of v(K) induces canonically on v(K)/H a structure of an ordered group, and one can naturally associate with v and H a valuation v H of K with v h (K) = v(K)/H. Unless specified otherwise, K H will denote the residue field of ( 
Recall further that the topology of K induced by v H does not depend on the choice of H and the mapping of Is v (K) on the set V v of subrings of K including O v , defined by the rule X → O vX (K), X ∈ Is v (K), is an inclusion-preserving bijection. By Hölder's theorem (cf. [16] , Theorem 2.5.2), Is v (K) = {0} if and only if v(K) is Archimedean, i.e. it embeds as an ordered subgroup in the additive group R of real numbers. When this is the case, we identify v(K) with its isomorphic copy in R.
We say that (K, v) is Henselian, if the valuation v is Henselian, i.e. v is uniquely, up-to an equivalence, extendable to a valuation v L on each algebraic field extension L/K. In order that v is Henselian, it is necessary and sufficient that the Hensel-Rychlik condition holds (cf. [16] , Sect. 18.1):
When v(K) is not Archimedean, the Henselian property can be also characterized as follows (see, e.g., [11] , Sect. 2): The following lemma, proved in [11] , Sect. 6, characterizes the case in which v(K) = pv(K) and I(K(p)/K) does not contain totally ramified extensions of K, for a given p ∈ P.
Lemma 2.2. Let (K, v) be a Henselian field with v(K) = pv(K), for some p ∈ P. Then K is subject to the following alternative relative to v:
(ii) char(K) = 0, K does not contain a primitive p-th root of unity and the minimal group from Is (ii) In order that an inertial field extension Y /K is a Galois extension, it is necessary and sufficient that Y / K is Galois; when this occurs, the Galois groups G(Y /K) and G( Y / K) are canonically isomorphic (cf. [21] , page 135).
(iii) The set IBr(K) = {[I] : I ∈ In(K)} forms a subgroup of Br(K), which is canonically isomorphic to Br( K) (cf. [21] , Theorem 2.8 (b)).
Assuming as above that v is Henselian, let D be an arbitrary finite-dimensional division K-algebra, D v a completion of D with respect to the topology induced by v, and Z(D) the centre of D. It is known that there is a close relationship between finite-dimensional division K-algebras and the corresponding K valgebras, described in part by the following statement: (2.5) (i) K is separably closed in K v and the valuationv of K v continuously extending v is Henselian;
(ii) The natural mapping of
/K is separable; hence, ρ K/Kv is injective and preserves indices and exponents;
Note also the following characterization of finite extensions of K v in K v,sep , in case v is Henselian (cf. [3] , Ch. VI, Sect. 8, No 2, and [21] , page 135):
Statements (2.5) reduce the study of index-exponent relations in central division algebras over a Henselian field (K, v) to the special case in which K = K v . Combining, for instance, (2.5) and (2.6) (i) with [48] [38] , make it possible to study effectively the structure of the Brauer groups of various types of stable fields (see also [8] , II, Sect. 3 and Lemma 2.3, for the relations between Br(E) and the character group of G E ). Specifically, they enable one to find series of absolutely stable fields F with Henselian valuations and indivisible groups Br(F ), for infinitely many p ∈ P (see [4] , Corollary 4.7, and [10] , Proposition 6.8).
Let us note that, for every Henselian field (K, v) with char(K) = p and
is not finitely-generated as a pro-p-group (cf. [11] , Remark 4.2). Therefore, the following two propositions (proved in [11] , and generalizing [32] , (2.7)) fully characterize the case where r(p) K ∈ N. The characterization depends on whether or not the minimal group
Proposition 2.5. Let (K, v) be a Henselian field with char(K) = 0, char( K) = p > 0 and G(K) = pG(K), and let ε be a primitive p-th root of unity in K sep . Then r(p) K ∈ N if and only if r(p) K G(K) ∈ N and one of the following conditions holds:
(ii) ε ∈ K and v(K)/pv(K) is of order p τ , for some τ ∈ N; in this case,
is a trivial or a free pro-pgroup, and either
The concluding part of our next result is implied by (2.3), [43] , Proposition 2.2. Proposition 2.6. Let (K, v) be a Henselian field with char(K) = 0 and char( K) = p = 0. Then the following conditions are equivalent:
is cyclic, and in case K contains a primitive p-th root of unity, the group v G(K) (K)/pv G(K) (K) is finite. When these conditions hold, finite extensions of K in K sep are defectless.
is of order p 2 and finite extensions of K in K(p) are totally ramified;
(ii) K contains a primitive p n -th root of unity, for each n ∈ N, and G(K(p)/K) is isomorphic to the additive group Z 2 p with respect to its standard topology.
Proof. Denote by Σ p (K) the set of extensions of K in K(p) of degree p, and by V p (K) the set of subgroups of v(K) properly including pv(K) and different from v(K). Let K 1 and K 2 be different elements of
. In other words, it follows from (2.3) and the noncyclicity of
, is well-defined and bijective. This observation proves that r(p) K = 2 and every L ∈ Σ p (K) is totally ramified over K. It is now easy to see from (2.4) (i) that p / ∈ P ( K). This implies K is infinite, so it follows from Proposition 2.6 and [11], Remark 4.2, that char(K) = 0 and G(K) = pG(K). Applying Proposition 2.5, one obtains further that K is perfect and
is Henselian and p / ∈ P (K G(K) ), this enables one to deduce from (2.3) that finite extensions of K in K(p) are totally ramified relative to v G(K) (and because of the equality G(K) = pG(K), they have the same property relative to v). In view of [6] , Lemma 1.1, these observations show that K contains a primitive p n -th root of unity, for each n ∈ N. As v(K)/pv(K) is of order p 2 , it is now easy to see from Proposition 2.5 that
On the Brauer group of a Henselian p-quasilocal field with a p-indivisible value group
In this Section we prove that if (K, v) is a Henselian p-quasilocal field satisfying the conditions of Theorem 1.1, and if K possesses an immediate extension in
Theorem 3.1. Under the hypotheses of Theorem 1.1, suppose that K(p) contains as a subfield an immediate extension
The proof of Theorem 3.1 relies on the following two lemmas lemma, the first of which has been proved in [11] .
Lemma 3.2. In the setting of Lemma 2.2, suppose that K is imperfect and
is infinite except, possibly, in the case where char(K) = 0, v(p) / ∈ pv(K) and K does not contain a primitive p-th root of unity;
(ii) There is at most one extension of K in K(p) of degree p, which is not totally ramified over K; when such an extension exists, Br(
Proof. When p > 2, the divisibility of Br(K) p is a special case of [8] , I, Theorem 3.1 (ii), and in case p = 2, it is implied by (1.4) and the fact that G(E(2)/E) is a group of order 2, for every formally real 2-quasilocal field E [8], I, Lemma 3.5. The rest of our proof relies on the fact that if R is a finite extension of K in K(p), which is not totally ramified, then v(λ) ∈ pv(K), for every λ ∈ N (R/K). At the same time, it follows from Galois theory and the normality of maximal subgroups of finite p-groups (cf. [27] , Ch. I, Sect. 6; Ch.
, these observations prove the former part of Lemma 3.3 (ii) . Combined with [31] , Sect. 15.1, Proposition b, they also imply the latter assertion of Lemma 3.3 (ii) . For the proof of Lemma 3.3 (iii), it suffices to note that (M, v M ) satisfies the conditions of Lemma 3.3 whenever M ∈ I(K(p)/K) and [M : K] ∈ N (see (2.3) and [8] , I, Theorem 4.1 (ii)), which reduces our concluding assertion to a consequence of Lemma 3.2 and the former part of Lemma 3.3 (ii).
Remark 3.4. Let (K, v) be a Henselian p-quasilocal field with v(K) = pv(K) and char( K) = p. In view of (2.3), the former part of Lemma 3.3 (ii) can be restated by saying that r(p) K ≤ 1. Combining (2.3) and (2.4) (i) with Lemma 3.3 (i) and [8] , I, Lemma 3.5, one also obtains that G(
It is therefore clear from Lemma 3.3 (ii) and [6] , Lemma 1.1 (a), that if K does not contain a primitive p-th root of unity, then
Hence, by [31] , Sect. 15.1, Proposition b (and the proof of Lemma 3.
Lemma 3.5. In the setting of Lemma 3.3, suppose that char( K) = p and there exists a field I ∈ I(K(p)/K), such that [I : K] = p and I/K is not totally ramified. Then (K, v) has the following properties:
in particular, this applies to the case where v(K) is Archimedean;
Proof. Statement (2.4) (i) and Lemma 3.3 (ii) imply the former assertion of Lemma 3.5 (iii) and the inequality r(p) K ≤ 1. As K is a nonreal field, this in turn enables one to deduce the latter part of Lemma 3.3 (iii) from Galois theory and [47] , Theorem 2. Note further that every L ∈ I(K(p)/K), L = K, contains as a subfield a cyclic extension L 0 of K of degree p. This well-known fact is implied by Galois theory and the subnormality of proper subgroups of finite p-groups. Let now r(p) K ≥ 2 or, equivalently, there is a field
* , which implies that T /K is totally ramified. At the same time, it becomes clear from (2.3) that IT /T is not totally ramified. Since, by [8] , I, Theorem 4.1 (ii), T is p-quasilocal, the noted properties of T and L make it easy to prove Lemma 3.5 (ii), arguing by induction on n = log p ([M : K]). The former part of Lemma 3.5 (i) follows from Corollary 2.7 and the assumption on I/K, and for the proof of the latter one, it suffices to observe that the existence of T in case v(E) ≤ R is guaranteed by Lemma 2.2 (and by Proposition 2.6 and Remark 2.8).
Proof. Statement (2.4) (i) and the assumption that p ∈ P ( K) imply the existence of an inertial extension
2 . This leads to the conclusion that I p does not embed in D b as a K-subalgebra. Our conclusion, contradicts the assumption that K is p-quasilocal, which proves that [ K :
As K is p-quasilocal and, by [8] , I, Theorem 3.1, ind(∆) = p, it is easily seen that ∆ is isomorphic to the K-algebra (I p /K, σ, a), for some a ∈ K * \ N (I p /K). Moreover, it follows from the equality v(K) = pv(K) that a can be chosen so that v(a) = 0. Hence, by the Henselian property of v and the fact that I p /K is inertial, ∆/K is inertial too, which proves that p Br(K) ⊆ IBr(K). Applying (2.4) (iii) and Witt's theorem (see [12] , Sect. 15, and [21] , Theorem 2.8), one obtains consecutively that Br 
This indicates that the maximal subfields of (I p /K, σ, a) are defectless over K. As K is p-quasilocal, the obtained result proves that every [8] , I, Theorem 4.1, this enables one to deduce from Galois theory and the normality of maximal subgroups of finite p-groups that finite extensions of K in K(p) are defectless.
Lemma 3.7. Under the hypotheses of Lemma 3.5, suppose that r(p) K ≥ 2 and there exists a p-indivisible group H ∈ Is v (K). Then:
(ii) I H /K H is immediate and I/K is inertial relative tov H and v H , respectively.
Proof. Lemma 3.5 (ii) and the inequality r(p)
and J/K is inertial relative to v H and totally ramified relative to v. In particular, J = I and p ∈ P (K H ), so it follows from Lemma 3.6, applied to K, v H and p, that K H is p-quasilocal and Br(K) p ∼ = Br(K H ) p = {0}. In view of [22] , Proposition 4.4.8, this indicates that r(p) KH = ∞. We show that I/K is inertial relative to v H . This has already been established in the case where v(p) ∈ H, so we assume here that v(p) / ∈ H. It is clearly sufficient to prove that IJ/J is inertial relative to the prolongation v ′ H of v H on J. This implies that each generator ψ of G(I/K) is uniquely extendable to a generator ψ ′ of G(IJ/J). We show that IJ/J is inertial relative to v ′ H by proving the following statement:
Fix a root ξ of f in J, put θ = ξ −1 , and denote by H ′ the sum of H and the cyclic group v J (ξ) . It is easily verified that
It follows from the Henselian property of v and the primality of
Since IJ/J is immediate relative to v J , our conclusion requires that p −1 v(π) ∈ pv(J) and v(π) ∈ pv(K), a contradiction proving (3.1) (and the fact that I/K is inertial relative to v H ).
It remains to be seen that I H /K H is immediate relative tov H . Observing that v(I) = v(K) and v(K)/H is torsion-free, one obtains thatv H (I H ) = v H (K H ). Since, by Lemma 3.3 (iii), K is perfect, and by (2.1) (i), it is isomorphic to the residue field of (K H ,v H ), this implies that I H /K H is immediate or inertial. Suppose for a moment that I H /K H is inertial. Then I H /K H possesses a primitive elementα ∈ Ov H (I H ), such thatv H (d(g)) = 0, whereg is the minimal (monic) polynomial ofα over K H , and d(g) is the discriminant ofg. The choice ofα guarantees thatg(
Observe also that, for each rootβ ∈ Ov H (I H ) ofg, there exists a root β ∈ O v (I) of g, such thatβ =β. The obtained result leads to the conclusion that I/K is inertial. This contradicts our assumptions and thereby proves that I H /K H is immediate relative tov H , as claimed. Our objective now is to prove Theorem 3.1, under the extra hypothesis that Is v (K) = {0} and H = pH, for each H ∈ Is v (K), H = {0}. Suppose first that Is v (K) does not contain a minimal element (with respect to inclusion), and fix an arbitrary element β ∈ ∇ 0 (K). Then v(β −1) / ∈ H β , for some H β ∈ Is v (K), so it follows from (2.2), (3.1) and Lemma 3.7 that β ⊂ N (I/K). It remains to be seen that ∇ 0 (K) ⊆ N (I/K), provided that Is ′ v (K) contains a minimal element Γ = {0}. Applying Lemma 3.7, one sees that it suffices to consider the special case of v(K) = Γ. The minimality of Γ indicates that it is Archimedean, so the inclusion I 0 (K) ⊂ N (I/K) can be proved by showing that ∇ δ (K) ⊆ N (I/K), for an arbitrary δ ∈ Γ, δ > 0. Our main step in this direction is contained in the following lemma.
Lemma 3.9. Assume that (K, v), p and I satisfy the conditions of Lemma 3.5,
As in the proof of (3.1), one obtains that ifγ > γ, then
Since IL/L is immediate, this contradicts the assumption that γ / ∈ pv(L) and thereby proves thatγ ≤ γ. Applying next (2.2) to the minimal polynomial of λ ′ over L, one obtains that ∇ γ ′ (L) ⊆ N (IL/L). Observe that pv(K) is a dense subgroup of R (I/K is immediate, whence v(K) is noncyclic, see [43] , Proposition 2.2). Therefore, for each ε > 0, one can find an element µ ε ∈ K such that (2p − 3)γ < v(µ ε ) < (2p − 3)γ + ε and v(µ ε ) ∈ pv(K). Hence, by the choice of λ, γ 
Since ε can be taken smaller than any fixed positive number, this enables one to deduce from (2.2) that ∇ γ ′′ ⊆ N (IL/L), so Lemma 3.9 is proved.
It is now easy to prove Theorem 3.1 in the remaining case where v(K) ≤ R. Take elements γ ∈ v(K) \ pv(K) andμ ∈ K so that γ > 0 and v(μ) = γ. We prove that if γ is sufficiently small, then the extension Lμ = L of K in K sep generated by a root of the polynomial fμ(X) = X p − X −μ −1 satisfies the following conditions:
We show that one can take as θ the inverse of some root of fμ. If char(K) = p, this is obtained by direct calculations (as in the proof of (3.1)). Suppose further that char(K) = 0, take a primitive p-th root of unity ε ∈ K sep , and put m = [K(ε) : K]. It is well-known (cf. [27] , Ch. VIII, Sect. 3) that K(ε)/K is cyclic and m | (p−1). Set µ = mμ, fix a generator ϕ of G(K(ε)/K), and let s and l be positive integers, such that ϕ(ε) = ε s and p | (sl − 1). Denote by Λ ′ some extension of K(ε) in K sep obtained by adjunction of a p-th root of the element
, and that the polynomial g(X) = (X + 1)
Our calculations also show that Λ ′ /K(ε) is totally ramified. Since m | (p − 1), this proves that Λ/K is totally ramified as well. Note further that when γ is sufficiently small, Λ ′ /K(ε) possesses a primitive element which is a root of the polynomial
This is obtained by applying (2.2) to the polynomial
. Thus it becomes clear that Λ ′ /K(ε) has a primitive element ξ satisfying fμ(X). This implies that [K(ξ) : K] = p, so it follows from the cyclicity of Λ ′ /K and Galois theory that K(ξ) = Λ = L. Using again (2.2), one concludes that when γ is sufficiently small, the element θ = ξ −1 satisfies the inequalities required by (3.2). Since p −1 γ / ∈ pv(L), the obtained result and Lemma 3.9 prove Theorem 3.1.
Let (K, v) be a Henselian field, such that char( K) = p > 0, and let I/K be a Z p -extension, such that I = K. Denote by I n the extension of K in I of degree p n , and put v n = v In , for each n ∈ Z, n ≥ 0. The uniqueness, up-to an equivalence, of v n implies the following inclusion, for every index n:
We say that I is a norm-inertial extension of K, if ∇ 0 (K) ⊆ N (I n /K), for each n ∈ N. Suppose that H = pH, for every H ∈ Is ′ v (K), H = {0}. We conclude this Section with the proof of the equivalence of the following statements in case I/K is immediate: (3.4) (i) I/K is norm-inertial; (ii) I/I n is norm-inertial, for every index n;
The implication (3.4)(ii)→(3.4) (i) is obvious and the implication (3.4) (iii) →(3.4) (ii) follows from (2.2), [5] , II, (2.6) and (2.7), and the fact that H n = pH n , for every H n ∈ Is ′ vn (I n ), and each n ∈ N. The implication (3.4) (i)→(3.4) (iii) can be deduced from the following result:
, for any α ∈ L and each index j, and equality holds in the case where p † j. When p † j, i.e. ψ j generates G(L/K), this leads to the conclusion of (3.5). Thus our assertion is proved in case n = 1, so we assume further that n ≥ 2. Let k be an integer with 1 ≤ k < n, L k the fixed field of ψ p k , and
, these observations enable one to complete the proof of (3.5) by a standard inductive argument.
At the same time, it is easily deduced from (2.2) (without restrictions on v(K)) that the fulfillment of (3.4) (iii) ensures that I/K is norm-inertial.
Proof of Theorem 1.1
Let first K be an arbitrary p-quasilocal nonreal field containing a primitive p-th root of unity unless char(K) = p. Then cd(G(K(p)/K)) ≤ 2 and equality holds if and only if char(K) = p and Br(K) p = {0} (see [9] , Proposition 5.1, and [40] , Ch. I, 4.2). When K possesses a Henselian valuation v with v(K) = pv(K), this enables one to deduce from [4] , (1.2), [8] , Lemma 3.6, and [6] , Lemma 1.1 (b) (an analogue to a part of the main result of [29] ) that cd(G(K(p)/K)) = r(p) K . At the same time, the assumptions on K, Lemma 3.3 (i) and [8] , I, Lemma 3.5, indicate that K is a nonreal field. These observations, combined with [45] , Lemma 7 (or [9] , Corollary 5.3), prove (1.4). Using (1.4), Remark 3.4 and Lemma 3.3 (i), one deduces the assertion of Theorem 1.1 in the special case where char( K) = p.
In the rest of our proof of Theorem 1.1, we assume that (K, v) is Henselian pquasilocal with v(K) = pv(K) and char( K) = p. Suppose first that char(K) = 0 and v G(K) (K) = pv G(K) (K), G(K) being defined as in Section 2, and fix a primitive p-th root of unity ε ∈ K sep . Then char(K G(K) ) = 0, so it follows from Remark 3.4 that
). In view of Remark 2.8 and Proposition 2.6, this yields G(K) = pG(K). Hence, by Proposition 2.5,
, and by (1.4) and Remark 3.4, applied to (K, v G(K) ), G(K(p)/K) has the following properties:
is of order p; in this case, Br(K) p = {0} and finite extensions of K in K(p) are totally ramified. (p) , has the following properties: Note also that ∇ 0 (K) ⊆ N (U/K), for every inertial extension U/K; this is a well-known consequence of (2.2). When U/K is cyclic and U ⊆ K(p), this enables one to deduce from [31] , Sect. Proof. In view of Galois theory and the subnormality of proper subgroups of finite groups, it suffices to consider the special case in which K has an extension M in K(p) of degree p 2 and defect p. We show that there exists a field I ∈ I(M/K), such that [I : K] = p and I/K is immediate. Let R be an extension of K in M of degree p. It follows from (2.3) that v(R)/pv(R) ∼ = v(K)/pv(K), so we have v(R) = pv(R). If R/K is immediate, there is nothing to prove, so we assume that this is not the case. Our extra hypothesis guarantees that M/R is immediate, and since R is p-quasilocal [8] , I, Theorem 4.1 (i), one obtains from Lemma 3.5 (i) and (ii) that v(R)/pv(R) and v(K)/pv(K) are of order p, R is perfect and p / ∈ P ( R). Note further that, by Lemma 3.3 (ii) , M is the only extension of R in R(p) = K(p) of degree p, which is not totally ramified. Statement (2.3) and these observations indicate that p / ∈ P ( K) and R/K is totally ramified. At the same time, by Theorem 3.1, Br(R) p ∼ = Z(p ∞ ), so it follows from (1.1) and Lemma 3.
. Using the normality of R/K and the equality [M : K] = p 2 , one proves that M/K is abelian. The obtained results, combined with (1.2) (ii) and [9] , Lemma 2.1,
We show that M/K is noncyclic. It is clear from Theorem 3.1 and the Henselian property of v that N (M/R) = {ρ ∈ R * : v R (ρ) ∈ pv(R)}. This, combined with Hilbert's Theorem 90 and the transitivity of norm maps in the field tower
, it is now easy to see that G(M/K) is noncyclic. By Galois theory, this means that M = RL, for some L ∈ I(M/K) with [L : K] = p and L = R. Clearly, one may assume for the rest of the proof that L/K is totally ramified. By (1.2),
is of order p, these observations prove the existence of elements λ and r of K * , such that , which means that I/K is not totally ramified. As M/R is immediate, this leads to the conclusion that I/K is also immediate, which proves Lemma 4.1.
The idea of the remaining part of the proof of Theorem 1.1 is to show that if finite extensions of K in K(p) are defectless, then every ∆ ∈ d(K) is defectless over K. Its implementation relies on the following two lemmas.
Proof. Suppose first that char(K) = p. By the Artin-Schreier theorem (cf. [27] , Ch. VIII, Sect. 6), then M = K(ξ), where ξ is a root of the polynomial X p − X − a, for some a ∈ K * . Clearly, a can be chosen so that (M/K, ψ, c) is isomorphic to the p-symbol K-algebra K[a, c), in the sense of [43] . Since M/K is separable, there exists η ∈ M of trace Tr M K (η) = c. This implies that the polynomial X p −X −η has no zero in M , whence, by the Artin-Schreier theorem, its root field over M is a cyclic extension of M of degree p. Since, by a known projection formula (see [28] 
these observations prove Lemma 4.2 in the case of char(K) = p.
In the rest of the proof, we assume that char(K) = 0, ε is a primitive p-th root of unity in K sep , [K(ε) : K] = m and s is an integer satisfying the equality ϕ(ε) = ε s , where ϕ is a generator of G(K(p)(ε)/K(p)). Then it follows from (1.1), Lemma 3.3 (i) and [8] , I, Theorems 3.1 (i) and 4.1 (iii), that ind(
. When ε ∈ K, F/K is cyclic of degree p, by Kummer theory, and by the assumption on c, F = M , which implies M F/M is cyclic and [M F : M ] = p. Since M is p-quasilocal, these observations enable one to deduce the assertion of Lemma 4.2 from Lemma 3.3.
Suppose now that ε / ∈ K and, for each
It follows from Albert's theorem (see [1] , Ch. IX, Theorem 6) that M (ε) is generated over K(ε) by a p-th root of some element µ ∈ K ε . In addition, it becomes clear that µ can be chosen so that the symbol [11] , Lemma 3.1). Denote by M ′ 1 the extension of M (ε) obtained by adjunction of the p-th roots of
Applying the projection formula for symbol algebras (cf., e.g., [42] , Theorem 3.2), one concludes that Proof. We retain notation as in the proof of Lemma 4.2. In view of Kummer theory, there is nothing to prove in case ε ∈ K, so we assume that ε / ∈ K. Then it follows from Lemma 3.3 (iii) that R ε ⊆ ∇ 0 (R(ε))R(ε) * p , for each R ∈ I(K(p)/K). Applying Albert's theorem, Lemma 3.3 and [42] , Theorems 2.5 and 3.2, as in the proof of Lemma 4.2, one obtains the following result:
We prove that M F/M is totally ramified by assuming the opposite. In view of (2.3) and Lemma 3.3 (iii), this requires that M F/M is inertial or immediate, and since m | (p − 1), M F (ε)/M (ε) must be subject to the same alternative. It follows from the Henselity of
contradicts Lemma 4.2, and thereby proves that M F (ε)/M (ε) is not inertial. The final step towards the proof of Lemma 4.3 relies on the fact that M ε is a module over the integral group ring Z[G(M (ε)/K(ε))]. In view of (4.4), this ensures that θ(r)r −1 ∈ N (M F (ε)/M (ε)) whenever θ ∈ G(M (ε)/K(ε)) and r ∈ M ε . Assuming now that M F/M is immediate (or equivalently, that F/K is immediate), using the condition on the finite extensions of K in K(p), and arguing as in the proof of (3.1) and Lemma 3.9, one obtains from this result that ∇ 0 (K(ε)) ⊆ N (F (ε)/K(ε)). This, however, contradicts the fact that (M/K, ψ, c) ∈ d(K), so Lemma 4.3 is proved. Let now (K, v) be a Henselian p-quasilocal with char(K) = 0 and char( K) = p, and suppose that p ∈ P (K), v(K)/pv(K) is of order p and finite extensions of K in K(p) are defectless. As noted at the beginning of this Section, then r(p) K ≥ 2. Assume further that Br(K) p = {0} and fix a primitive p-th root of unity ε ∈ K sep . Since K is p-quasilocal, this implies the existence of a cyclic algebra D ∈ d(K) of index p. As in the proofs of Lemmas 4.2 and 4.3, it is seen that D ⊗ K K(ε) is K(ε)-isomorphic to A ε (a, b; K(ε)), for some a ∈ K * , b ∈ K ε . In addition, it turns out that, by the proof of Albert's cyclicity criterion for an algebra ∆ ∈ d(K) of index p (see [31] , Sect. 15.5, or [11] , (3.3) 
Considering now A ε (a, b; K(ε)) as in the proof of [43] , Proposition 3.3 (see also [39] , Ch. 2, Lemma 19), and using Lemma 4.3 and the inequality r(p) K ≥ 2, one obtains the following result: difficulty by induction on n the existence of a unique sequence I n , n ∈ N, of subfields of K sep , such that I 1 = I, I n ⊂ I n+1 , [I n+1 : I n ] = p, and I n+1 /I n is immediate, for every index n. In view of Galois theory, this implies that I n /K is cyclic and immediate with [I n : K] = p n whenever n ∈ N, and the union I ∞ = ∪ ∞ n=1 I n is the unique immediate Z p -extension of K in K sep . This, combined with (4.1), (4.3) and Theorem 1.1 (iii), yields the alternative of Theorem 1.1 (ii) in the case of char( K) = p. Thus Theorem 1.1 is proved.
Remark 4.5. The proof of Theorem 1.1 is considerably easier in the special case where K sep = K(p), since then K contains a primitive p-th root of unity or char(K) = p, which simplifies the consideration of the structure of Br(K) p (see (4.1) and Remark 3.4). In addition, when char( K) = p, (4.5) can be directly deduced from [43] , Theorem 3.1.
Brauer groups of Henselian PQL-fields with totally indivisible value groups
The purpose of this Section is to describe the isomorphism classes of several major types of valued PQL-fields considered in this paper. Our first result is particularly useful in the case of quasilocal fields:
Proposition 5.1. Let (K, v) be a Henselian field, such that v(K) = pv(K) and Br(K) p = {0}, for some p ∈ P. Suppose further that finite extensions of K are p-quasilocal. Then p ∈ P (K) and
Proof. Fix Sylow pro-p-subgroups G p and G p of G K and G K , respectively, and denote by K p and K p the corresponding fixed fields. Our choice of [4] , (1.2) and Remark 2.2, and the results of [31] , Sect. 13.4, imply the following:
Since Br(K) p = {0} and, by [8] , I, Lemma 8.3, K p is p-quasilocal, it can be easily deduced from (5.1), Lemma 3.3 (i) and Theorem 1.1 that Br(
In view of [8] , I, Theorem 3.1 (i), it remains to be seen that p ∈ P (K). When p = char(K), this follows from Lemma 2.2, so we assume further that p = char(K). As Br(K) p = {0}, Theorem 2 of [30] , Sect. 4, requires the existence of an algebra D ∈ d(K) of index p. Fix an element θ ∈ K * so that v(θ) / ∈ pv(K) and denote by L θ some extension of K in K sep generated by a p-th root of θ. Also, let ε ∈ K sep be a primitive p-th root of unity.
Thus it becomes clear that L θ is isomorphic to a K-subalgebra of D, so it follows from Albert's criterion (cf. [31] , Sect. 15.5) that D is a cyclic K-algebra. This shows that p ∈ P (K), so Proposition 5.1 is proved.
Remark 5.2. In the setting of Proposition 5.1, let v(K)/pv(K) be of order p, and for each finite extension see, e. g., the proof of [8] , I, Lemma 1.1), and by cor L/K the homomorphism of
and by a well-known projection formula (stated in [41] , page 205, for a proof, see, e.g., [46] , Proposition 4.3.7), the compositions
Then it follows from [42] , Theorem 3.2, and the
independently of the proof of (4.5).
It is known (and easy to see, e.g., from Scharlau's generalization of Witt's decomposition theorem or from [8] , I, Corollary 8.5) that every divisible subgroup T of Q/Z is isomorphic to Br(K T ), provided that (K, v) is a Henselian discrete valued field with a quasifinite residue field and K T is the compositum of the inertial extensions of K in K sep of degrees not divisible by any p ∈ P, for which T p = {0}. This, combined with our next result, describes the isomorphism classes of Brauer groups of Henselian quasilocal fields with totally indivisible value groups.
Corollary 5.3. Let (K, v) be a Henselian quasilocal field, such that v(K) is totally indivisible. Then K is nonreal, K is perfect, every D ∈ d(K) is cyclic and Br(K) is divisible and embeddable in Q/Z. Moreover, P (K) contains every p ∈ P, for which Br(K) p = {0}.
Proof. Our concluding assertion and the one concerning Br(K) follow from Proposition 5.1. The statements that K is perfect and K is nonreal are implied by Lemma 3.3, the assumption on v(K) and [8] , I, Lemma 3.6. Note finally that all D ∈ d(K) are cyclic. Since it suffices to prove this only in the special case where [D] ∈ Br(K) p , for some p ∈ P (see [31] , Sect. 15.3), the assertion can be viewed as a consequence of Proposition 5.1. 
Proof. This follows at once from (1.2) (ii), Theorem 1.1 and [9] , Lemma 2.1.
Corollary 5.5. An abelian torsion group T with T 2 = {0} is isomorphic to Br(K), for some Henselian PQL-field (K, v) such that v(K) is totally indivisible, if and only if T is divisible and T 2 ∼ = Z(2 ∞ ). When this holds, T ∼ = Br(F ), for some Henselian discrete valued PQL-field (F, w).
Proof. Theorem 3.1 shows that Br(K) 2 ∼ = Z(2 ∞ ) whenever (K, v) is a Henselian 2-quasilocal field with v(K) = 2v(K) and Br(K) 2 = {0}. This, combined with [7] , Theorem 4.2, proves our assertion.
Let T be an abelian torsion group and S 0 (T ) = {π ∈ P : T π = {0}}. Assume that 2 ∈ S 0 (T ) and denote by S 1 (T ) the set of those p ∈ P \ S 0 (T ), for which S 0 (T ) contains the prime divisors of p − 1. Clearly, if T = {0}, then S 1 (T ) contains the least element of P \ S 0 (T ). Using Theorem 3.1, Lemma 3.5 (i) and [7] , Theorem 4.2, one obtains the following results: The conclusion of (5.2) (iii) is not necessarily true without the condition that ω(L) ≤ R. Indeed, let T be an abelian torsion group with T 2 = {0}, S π (T ) = S 1 (T ) \ {π}, for some π ∈ S 1 (T ), and S ′ π (T ) the set of those p ′ ∈ P \ S 0 (T ), for which the coset of π in Z/p ′ Z = F p ′ has order in F * p ′ not divisible by any p ∈ P \ S π (T ). Fix an algebraic closure Q π of the field Q π of π-adic numbers, and for each subset Π of P, put Π ′ = Π ∪ {π}, Π = P \ Π, and denote by U Π the compositum of inertial extensions of Q π in Q π of degrees not divisible by anyπ ∈ Π. It is well-known that U π /Q π is a Galois extension with G(U π /Q π ) isomorphic to the topological group product p∈Π Z p . This implies that U π (p ′ )/Q π is Galois, for each p ′ ∈ P. Observing also that G(U Π /Q π ) is a projective profinite group [20] , Theorem 1, one concludes that, for each Π ⊆ P, there exists a field 
Applications
The first result of this Section together with Theorem 2.1 of [5] , I, characterizes the quasilocal property in the class of Henselian quasilocal fields with totally indivisible value groups. satisfies (6.1) (ii) . Considering, if necessary, w H instead of w, and using the observations preceding the statement of (6.1), one obtains a reduction of the proof of the q-quasilocal property of K q to the special case in which every nontrivial group from Is w (K q ) is q-indivisible. We first show that q Br(K q ) = Br(Y 1 /K q ). Let L be a finite extension of Y in K sep . Then it follows from Galois theory and the projectivity of Z q [20] The following result shows that every nontrivial divisible subgroup of Q/Z is realizable as a Brauer group of a quasilocal field of the type characterized by Proposition 6.1. In view of Corollary 5.3, it clearly illustrates the fact that the study of Henselian quasilocal fields with totally indivisible value groups does not reduce to the special case covered by [5] , II, Theorem 2.1. Proposition 6.2. Let (Φ, ω) be a Henselian discrete valued field, such that Φ is quasifinite and char( Φ) = q > 0, and let T be a divisible subgroup of Q/Z with T q = {0}. Then there exists a Henselian quasilocal field (K, v) with the following properties:
(i) Br(K) ∼ = T , K/Φ is a field extension of transcendency degree 1, and v is a prolongation of ω;
(ii) v(K) is Archimedean and totally indivisible, K/ Φ is an algebraic extension and K possesses an immediate Z q -extension.
The proof of Proposition 6.2 is constructive and can be found in [5] , II, Sect. 4. Our next result gives a criterion for divisibility of value groups of Henselian quasilocal fields, and for defectlessness of their central division algebras. Proposition 6.3. Let E be a quasilocal field satisfying one of the following two conditions:
Proof. Let Φ be an algebraic closure of Φ. By the proof of [5] , II, Theorem 1.2, there exists a field K ∈ I(Φ/Φ), such that Φ/ K is an immediate Z q -extension relative to v K ; in particular, one can apply (3.4) (iii) to the fields from I(Φ/ K) the conditions of [5] , II, Lemma 3.1. Putṽ = v K and letk be the residue field of ( K,ṽ). Denote by v X the Gauss valuation of the rational function field K(X), which extendsṽ so that v X (f (X)) = 0, for each f (X) ∈ Oṽ[X] \ Mṽ[X], and fix a Henselization (F, v) of ( K(X), v X ). The definition of v X shows that the residue class of X is transcendental overk. Let G q be a Sylow pro-q-subgroup of G F , K the fixed field of G q and v = w K . Arguing in the spirit of the proof of the quasilocal property of the field K q (considered in [5] , II, Sect. 4), one obtains first that Br( K 1 K/K) = q Br(K), where K 1 is the extension of K in Γ of degree q. This is used for proving that K, v and I ∞ = ΦK have the properties required by Proposition 6.5.
Remark 6.6. Let F 0 be a global field, w 0 a discrete valuation of F 0 , q = char( F 0 ), F a completion of F 0 with respect to ω 0 , and w the valuation of F continuously extending w 0 . It is well-known that tr(F/F 0 ) is (uncountably) infinite. Fix a purely transcendental extension F n of F 0 in F so that tr(F n /F 0 ) = n ≥ 0, n ≤ ∞, denote by Φ n the separable closure of F n in F , and let ω n be the valuation of Φ n induced by w. Then ω n is discrete and Henselian and Φ n ∼ = F q . Therefore, one can find an extension R n of Φ n with the properties required by Proposition 6.5. When n ∈ N, our construction ensures that tr(R n−1 /F 0 ) = n.
For each m ∈ N, the quasilocal fields R n , n ∈ N, in Remark 6.6 have infinitely many nonisomorphic algebras D n,m ∈ d(R n ) of index p m . By [6] , Theorem 4.1 and Corollary 8.6, for each admissible pair (n, m), all D n,m share, up-to R n -isomorpisms, a common set of maximal subfields, and a common class of splitting fields algebraic over R n . Since R n is of transcendency degree n + 1 or n + 2 over its prime subfield, for each n < ∞, this raises interest in the open problem of whether there exist finitely generated fields F which possess infinitely many nonisomorphic D ∈ d(F ) with some of the noted two properties of the algebras D m,n (see [24] , and for the case of quaternion algebras [35] , [18] and [33] , Remark 5.4). The corresponding problem for arbitrary fields has an affirmative solution (found by Van den Bergh-Schofield [44] , Sect. 3, and Saltman, see [19] , Sect. 5.5). In view of [8] , I, Corollary 8.5, a complete solution to the general problem is obtained by applying the latter assertion of (1.3) (i), to a field E 0 of zero characteristic and to a divisible abelian torsion group T with infinite components T p , for all p ∈ P.
